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We analyze the nature of space-time nonlocality in string theory. After giving a brief 
overview on the conjecture of the space-time uncertainty principle, a (semi-classical) re- 
formulation of string quantum mechanics, in which the dynamics is represented by the 
noncommutativity between temporal and spatial coordinates, is outlined. The formal- 
ism is then compared to the space-time noncommutative field theories associated with 
nonzero electric _B-fields. 

o 

' 1. Motivations 

s ! ' What is string theory? This is a question we have been continually asking our- 

selves in exploring string theory as a hint towards the ultimate unified theory of all 
interactions including quantum gravity. 
' One of the most characteristic features of string theory is the existence of a 

fundamental constant, string length £ s ~ \f2-Ka! , which sets a natural cutoff scale 
for the ultraviolet part of quantum fluctuations for particle fields associated with 
the spectrum of string states. This implies that string theory must necessarily 
exhibit some nonlocality and/or certain fuzziness with respect to the short distance 
structure of space-time. 

From this point of view, it is quite remarkable that string theory gives a com- 
pletely well-defined analytic S-matrix which essentially satisfies all the axioms for 
' physically acceptable theory satisfying, at least perturbatively, Lorentz invariance, 

• (macro) causality and unitarity. In contrast to this, various past attempts to- 

ward nonlocal field theories failed to give sensible results, because of lack of self- 
consistency or of suitable guiding principles for constructing nontrivially interacting 
theories. It thus seems an important task in uncovering its underlying principles 
to characterize the nonlocality of string theory. Our attitude is that, given string 
theory, we should learn how to formulate the idea of fundamental length from the 
structure of string theory, rather than postulating some arbitrary principles from 
scratch. 

Recent development on the connection of string theory with the external i?-ficld 
to non-commutative geometric field theories might provide a good hint for pursuits 
in this direction. However, we should keep in mind that the nature of nonlocality 
originated from the J5-field is nothing to do with the extendedness of strings. In 
the present article, I would like to, first, review briefly the old proposal of a 'space- 
time uncertainty principle' as a possible general characterization of the space-time 
structure of string theory at short distances, and then to discuss some ideas toward 
a reformulation of string theory in such a way that the noncommutativity between 
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space and time is manifest. I hope that the comparison of the nature of the latter 
noncommutativity to the one of the typical noncommutative field theories which 
have the algebra of space-time coordinates of the Moyal-type product associated 
with the electric B-field is useful for deepening our understanding of string theory. 

2. Space-Time Uncertainty 

The main idea for proposing the space-time uncertainty relation 01 comes from 
a simple analogy concerning the nature of string quantum mechanics. The crucial 
requirement of the ordinary string perturbation theory is the world-sheet conformal 
invariance. Indeed, most of the important merits of string theory as a possible uni- 
fied theory are due to the conformal invariance. In particular, the elimination of the 
ultraviolet of divergence in the presence of gravity is essentially due to the modular 
invariance, which is the part of the conformal symmetry. From the viewpoint of 
generic two-dimensional field theory, the conformal invariance forces us to choose a 
very particular class of all possible two-dimensional field theories, corresponding to 
the fixed points of Wilsonian renormalization group. This is quite analogous to the 
imposition of Bohr-Sommcrfeld quantization conditions to classical mechanics, in 
which the adiabatic invariance of action variables to be quantized can be regarded 
as a characterization of the quantization condition. In the final formulation of 
quantum mechanics, the quantization condition was replaced by the more universal 
framework such as Hilbert space and operator algebra acting in it. This analogy 
suggests us the importance of reinterpreting the conformal invariance requirement 
by elevating it to a more universal form, which may ultimately be formulated in a 
way that does not depend on perturbative methods. 

One of the crucial properties related to modular invariance is expressed as 
the 'reciprocity relation' of the 'extremal length'. The extremal length is a con- 
formally invariant notion of length associated with families of curves on general 
Riemann surfaces. If we consider some finite region Q and a set T of arcs on 
ft, the extremal length of T is defined by Aq(T) = sup p ^Q P j) with L(T,p) = 
inf 7£ r L(j, p), A(f2, p) = J n p 2 dzdz where p is the possible metric function giving 
the length L(^y,p) = J p\dz\ on fl of a curve in T in the conformal gauge. Since 
any Riemann surface can be composed of a set of quadrilaterals pasted along the 
boundaries (with some twisting operations, in general), it is sufficient to consider 
the extremal length for an arbitrary quadrilateral segment f2. Let the two pairs of 
opposite sides of f2 be a, a' and 0, (3' . Take T be the set of all connected set of arcs 
joining a and a' . The set of arcs joining (3 and (3' is called the conjugate set of arcs, 
denoted by T*. We then have two extremal lengths, Aji(r) and An(r*). Then the 
reciprocity relation is that 

An(r)A n (r*) = 1. (1) 

The simplest example is just the rectangle with the Euclidean sizes a and b in the 
Gauss plane. In this case, we can easily prove that A(T) = a/b, A(T*) = b/a. 
For details, we refer the reader to a more extensive review 13 and the mathematical 
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references cited there. 

To see how the reciprocity of the extremal length reflects to target space-time, 
let us consider the Polyakov amplitude for the mapping from the rectangle on a 
Riemann surface to a rectangular region in space-time with the side lengths A, B 
with the boundary condition (0 < £1 < a, < £2 < 1) x M (0,^2) = x^(a,^ 2 ) = 
S^B&fb, 2^(^1,0) = a^(£i, b) = S^A^/a. Then the amplitude contains the factor 
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multiplied by a power-behaved prefactor. Thus the fluctuations of two space-time 
lengths A and B satisfy an 'uncertainty relation' /S.A/S.B ~ £ 2 . For general and 
more complicated boundary conditions, it is not easy to establish a simple relation 
such as above between the extremal lengths and the space-time lengths, since there 
are various ambiguities in defining space-time lengths in terms of string variables. 
After all only legitimate observables allowed in string theory is the on-shell S-matrix. 
However, it seems natural to conjecture that the above relation sets a limitation, 
in some averaged sense, on the measurability of the lengths in space-time in string 
theory, since conformal invariance must be valid to all orders of string perturbation 
theory and the random nature of boundaries generally contributes to further fuzzi- 
ness on the space-time lengths. Note that this reciprocity relation exhibits one of 
the most important duality relations in string amplitudes between ultraviolet and 
infrared structures. Since in the Minkowski metric one of the lengths is always dom- 
inantly time-like, we propose the following uncertainty relation on the space-time 
lengths 

AT AX > l\ (3) 

as a universal characterization of the short-distance space-time structure of string 
theory. This relation was originally proposed by the present author EJ in 1987 inde- 
pendentlv_of other proposals of similar nature, for example, the notion of 'minimal 
distance' 

The consistency of this 'space-time uncertainty' relation with the high-energy 
behaviors of the perturbative string amplitudes was analyzed in ref. cl to which 
I refer the reader for details and relevant references. We find that generically 
there are many instances where the above uncertainty relation is far from being 
saturated. However, so far all the known results seem to be consistent with the 
validity of the space-time uncertainty relation as an inequality. In particular, in 
the high-energy and high-momentum-transfer limit, both the temporal and spatial 
uncertainties increase linearly with respect to energy for fixed-genus amplitudes. 
However, the proportional constant decreases for higher genera and the well-known 
behavior |j4 r esum(s, 4>)\ ~ exp ( — ^&Tt 2 sf((j))/ log s ) of the Borel-summed ampli- 
tude B is consistent with the saturation of the equality in (j^) up to some possible 
logarithmic corrections that perhaps depend on how to precisely define the space- 
time uncertainties. This may be an indication that the relation (||) is indeed valid 
independently of string coupling g s . 
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A further support for the validity of the relation is its effectiveness for D-branes. 
For example, the effective Yang-Mills theories for the low-velocity D-p-branes pre- 
dict that the characteristic spatial {transverse to D-p-branes) and temporal scales 
of D-p-brane scattering oppositely scale with respect to the string coupling, namely 
as AX ~ g7 1/(3 ~ p) £ s and AT - gl /{3 ~ p) for p > and for p ^ 3. Although the 
case p — 3 is special in that the effective Yang-Mills theory is conformally invariant, 
the conformal transformation property is actually consistent with the space-time 
uncertainty relation as discussed in ref. We can also derive these characteristic 
scales directly without recourse to the effective Yang-Mills theory. For example, the 
characteristic scales AX ~ gl^ 3 £ s , AT ~ gj 1 ^£ s of D-particle-D-particle scattering 
are a direct consequence @ of the space-time uncertainty relation and the ordinary 
quantum mechanical Heisenberg relation, given the fact that the mass of the D- 
particle is proportional to l/g s . All these properties are natural from the viewpoint 
of open string theories where the relation (^) must be valid. 

Finally, let us discuss one important question. Since the relation ([}]) is indepen- 
dent of string coupling g Sl it seems at first sight that it does not take into account 
gravity. So what is its relation to the Planck scale which is the characteristic scale of 
quantum gravity? In string theory, the existence of gravity 0' i can also be regarded 
as an important consequence of the world sheet conformal invariance. This is due to 
the possibility of deforming the background space-time by a linearized gravitational 
wave. However, in perturbation theory, the coupling strength of the gravitational 
wave is an independent parameter determined by the vacuum expectation value of 
dilaton. In this sense, the string coupling can not be a fundamental constant which 
appears in the universal nonperturbative property of string theory. Thus in oder 
to take into account the Planck length for the space-time uncertainty relation, we 
have to put that information by hand. Now we shall show that by combining the 
Planck scale with the space-time uncertainly relation, we can derive the M-theory 
scale without invoking D-branes or membranes. 

For that purpose, it is useful first to reinterpret the meaning of the Planck length 
using a similar language of the stringy space-time uncertainties, by considering the 
limitation of the notion of classical space-time as the background against the possible 
formation of virtual black holes in the short distance regime. If we want to probe 
the space-time structure in time direction to order 5T, the quantum mechanical 
uncertainty relation tells us that the uncertainty with respect to the energy of order 
SE ~ 1/ST is necessarily induced. If we further require that the structure of the 
background space-time is not influenced appreciably by this amount of fluctuation, 
the spatial scale SX to be probed can not be smaller than the Schwarzschild radius 
associated with the energy fluctuation. Hence, SX > (G D &E) 1/(D_3) in D -space- 
time dimensions. This sets the relation for the characteristic gravitational scales in 
the form 

5T{8Xy>glil. (4) 

in D =10 dimensional string theory. This may be called the 'black-hole uncertainty' 
relation. Note, however, that the nature of the scales 8T, 5X is different from those 
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space-time uncertainty relation 




space uncertainty 



Figure 1: This diagram schematically shows the structure of the space-time uncer- 
tainty relation and the uncertainty relation associated with the Planck scale. The 
critical point is where the two relations meet. 



in the relation (|3|). The uncertainties in (|J) only express limitations, for observers at 
asymptotic infinity, with respect to spatial and temporal resolutions, below which 
the naive classical space-time picture without the formation of microscopic black 
holes can no longer be applied. In contrast to this, the space-time uncertainty 
relation sets the more fundamental limitation below which the space-time geometry 
itself loses its meaning. Then, the most important characteristic scale associated 
with the existence of gravitation in string theory corresponds to the point of their 
crossover. The critical crossover scales are then determined as 

AX C ~ SX C ~ gl'Hs, AT C ~ ST C ~ g-^H,. 

It is quite remarkable that the spatial critical scale AX C coincides with the M- 
theory scale. Let us look at the Fig. 1 to appreciate the meaning of these scales. 
For AT < AT C there is no region where the fluctuation containing the microscopic 
black hole associated with quantum fluctuations is important in string theory, while, 
for AT > AT C , there is a region where (AT) _1 £ 2 < AX < AX C is satisfied, and 
hence black hole formation at the microscopic level becomes appreciable in string 
theory. The importance of this region increases as the string coupling grows larger. 



3. Space-Time Noncommutativity 

The validity of the fundamental uncertainty relation of the form (0) suggests 
the existence of certain noncommutative space-time structure that underlies string 
theory. Indeed, the expression ^) is strongly reminiscent of the Wigner represen- 
tation p{p, q) ~ exp [ — ((p/Ap) 2 + (q/ Aq) 2 )] of the density matrix corresponding 
to the gaussian wave packet in particle quantum mechanics, suggesting that the 
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space-time of string theory is something analogous to the classical phase space in 
particle quantum mechanics. However, the usual quantum mechanics of strings does 
not directly show any such noncommutativity between space and time. This raises 
a question: Is there any alternative formulation of string quantum mechanics in 
which the space-time noncommutativity is manifest? In such a formulation 13, we 
expect that the world-sheet conformal symmetry would be translated into a quite 
different language. There might be, hopefully, a chance of providing a hint toward 
some nonperturbative formulation of string theory. 

Let us start from the following version of the Nambu-Goto-Schild action: 

S ngs = - [^{- e [- ^y^ X ^A + «}" < B > 



We only consider the case of bosonic strings, expecting that the extension to super- 
strings will not cause any fundamental difficulty. By eliminating nonpropagating 
auxiliary held e(£), the action reduces to the ordinary Nambu-Goto action. In this 
form, the conformal invariance of string theory is burried in the existence of the 
standard Virasoro constraint V 2 + j^jX 2 — 0, V ■ X — which does not explicitly 
involve the world sheet auxiliary field and the world-sheet metric. It is important 
for later interpretation that the Hamiltonian constraint comes from the equation 



-^sj-\{e«*d a X»d b X»y = e (6) 

for the auxiliary field e. Recall also that causality of string theory is embodied in the 
time-like nature of the area element e ab d a X f *dbX lJ in this formalism. Now in order to 
rewrite the action such that it becomes quadratic in the space-time coordinates, we 
introduce another auxiliary field b^(^) which transforms as a world-sheet scalar and 
simultaneously as an antisymmetric tensor with respect to the space-time indices: 

Now the constraint @ is replaced by that for the new auxiliary field 6 M „, 

\b% = ~l,- (8) 

The first auxiliary field e only plays the role of Lagrange multiplier for this condition. 
Namely, the requirement of conformal invariance is essentially reinterpreted as the 
condition that the world-sheet b field is time-like or 'electric'. 

Let us consider the quantization of this action by regarding the 6-field as an 
external field. Since the action is then first order with respect to the world-sheet 
time (r) derivative, the system has second class constraints P M = b^daX" /2ira' , 
relating the components of the generalized coordinates and momenta directly. The 
Dirac bracket taking into account this constraint is given as 

{x^{a 1 ),d <T b ua (a 2 )X a (a 2 )} = 2 7 ra'^<5(a 1 - a 2 ). (9) 
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Remembering that the 6- field is dominantly time- like by (0), we see that the space 
X l (£) and the time become indeed noncommutative. In particular, the 

center-of-mass time T = (l/2n) daX° and the spatial extension X defined by 



X= - j dab M {a)d a X l (10) 

satisfy (2W -> £ 2 S ) 

{T,X} D = C (II) 

Here for simplicity we have assumed a closed string. That the expression ( |Io|) 
can be adopted justifiably as the measure of spatial (longitudinal) extension of 
strings can be seen by remembering that in the semi-classical approximation the 
&-field is just proportional to the area element of the world sheet of strings, b^ v = 
— j^-red a X^dbX v /e, which is derived by taking the variation of the action with 
respect to the 6-field. Note that in this approximation the auxiliary e-field is de- 
termined by the normalization condition (Q) through (^). In this way, we have 
now reformulated the string mechanics, at least in the semi-classical approxima- 
tion, in such a way that the noncommutativity between spatial extension and time 
is manifest. This naturally conforms to the general property (JsJ) of the space-time 
uncertainties, derived on the basis of the world-sheet conformal symmetry in the 
previous section, as it should be. For example, the constraint (||) indeed replaces 
the role of conformal invariance. 

Remarks 

1. The nature of the noncommutativity discussed above is close, at least formally, 
to that associated with the antisymmetric space-time external B^ U (X) field in the 
presence of D-branes. Note, however, an obvious difference that the present non- 
commutativity is intrinsic to the extendedness of strings and is nothing to do with 
the choice of the background of string theory. If we add the i?-field background in 
considering D-branes, there arises an additional contribution to the noncommuta- 
tivity, since the first term in the action is deformed as b^ v — > 6 M „ + 2ira' ' B^. Of 
course, when is constant, it affects only at the end points of open strings. Let 
us briefly treat the open string boundary in the present formalism. If we allow free 
variations for SX^ at the boundary without B-field along the D-brane world volume, 
the boundary condition is d T X y b^ v — 0. In the sem-iclassical approximation we are 
using, we can set b^ v — ~j^ r e ab d a X tl dbX 1/ /e. It is convenient here to choose 
the orthonormal world-sheet coordinate satisfying X ■ X' = and X 2 + X' 2 = 
where the Lorentz contractions are done only over the directions along the D-brane 
world volume. Then, using (^) the boundary condition becomes the usual Neumann 
condition X lfl — 0. Now suppose we add a constant space-time B-field which corre- 
sponds to the additional boundary term (1/2) j d ^dTX^(T)d T X l '(T)B^. Then the 
boundary condition is X'^ + 2ira ' B^ 1 ' X v = 0. If the B-ficld is magnetic, it does not 
affect the time-like nature of the string coordinate at the boundary. However, if that 
is electric and the magnitude exceeds a critical value l/27ra' such that &oi + 27ra' B oi 
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can vanish, the time- like nature of the open string boundary would be lost, leading 
to a violation of causality in the dynamics of open strings and D-branes. This can 
be seen as follows. Without losing generality we can assume that the only nonzero 
component of the B-ficld is £?oi = B, providing the direction 1 is along the D-brane 
world volume. The boundary condition together with the coordinate condition leads 
to the relation 

x 2 = -x' 2 = (2WB) 2 ((i 1 ) 2 - (i: ) 2 ). 

When (2-no'B) 2 > 1, this implies that The vector X^ is space-like at the open- 
string boundary. Thus it is impossible 1121 to decouple the string scale from that 
of the noncommutativity associated to electric B-field. Namely, we can not define 
sensible field theory limits satisfying causality and unitarity using electric B field lid 
without open-string degrees of freedom. This seems to indicate that the feasibility 
of the space-time noncommutativity is inextricably connected to stringy nonlocality. 

2. It is perhaps instructive to make a further comparison of the present formalism 
with the naive field theory model in which the noncommutativity between space and 
time is introduced explicitly. A scalar field theory in a noncommutative space-time 
with space-time commutation relation [x, t] = iO can be constructed by assuming 
the product of the fields are defined by the Moyal product 



(a:) * tftx) = e i ^ 8t '- Bt ^ ) <l>(x 1 )4>(x2) 



X-l—X2 — X^t\—t2—t 



For notational clarity, we consider only (l+l)-dimcnsional part of space-time. Then 
a 3-point interaction vertex takes the following form in the coordinate representation 

dxdt (</>i * <f>2 * 4>^){x, i) 

= {k9)~ 2 (J[\ J dxidU^j expi^- ^ (xitj - ijXj)] (f>i(xi,ti). (12) 

i—1 cyclic i—1 

The exponent | ^2 cyc i ic (%itj —tiXj} in this expression is the formal analogue of the 
first term of the string action (]?]) with the identification 6 ~ a'. Actually, there 
is a crucial difference in that the exponential factor in field theory case directly 
leads to non-causal shifts of the time coordinates in proportion to the momenta of 
external lines as t\ — ~ &P3 , . . . . Hence the sign of the time shifts depends on the 
direction of momenta. In the case of strings, the connection between the external 
momenta and the shifts, if any, of the time is not so direct as in the case of the 
simple Moyal product. For example, the center-of-mass spatial coordinates do not 
directly contribute to the noncommutativity in (^). The dynamics of strings is 
completely local at each point of world sheet and hence the time-like nature of the 
area element ensures causality in the evolution of the system. As discussed above, 
causality is preserved as long as the external space-time electric B field does not 
exceed the critical value. 
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However, the above formal analogy prompts us to speculate a possibility of for- 
mulating the space-time uncertainty and noncommutativity as a certain kind of 
'deformation' from classical space-time geometry to quantum and stringy geome- 
try. It is a major challenge to find some unique characterization of such stringy 
deformation of space-time geometry. 

3. Another remark which might be useful in understanding the nature of the present 
reformulation is that the counterpart in particle theory of what we have done above 
is simply the momentum representation of the particle propagator. We can start 
from the familiar particle action 




By introducing another auxiliary field p^ which is now a space-time vector corre- 
sponding to the line element of the world line, we can rewrite it as 

L P = J dT (p»^r - l e (p 2 + m ')) • 

Obviously, the role of the Virasoro condition in strings is now played by the mass- 
shell condition p 2 + m 2 = requiring that the momentum is time-like (or light- like 
when m = 0). In the particle case, the action J drp^^- defines a usual Poisson 
structure. In analogy with this, the string action -j^-y J d 2 ^ e ab d a X^dbX v b^ v can be 
regarded as defining a generalized Poisson structure which is appropriate to strings! 
One natural possibility along this line would be to regard the auxiliary &-field as a 
sort of momentum variable corresponding to the area element of string world sheet. 
Since, comparing to the particle case, the string case has one additional dimen- 
sion, this line of thought leads to the use of the so-called Nambu bracket. Such a 
possibility was indeed suggested in E3. Unfortunately, there seems to be no appro- 
priate quantization procedure based on this interpretation. The interpretation we 
have given in the present article by means of the ordinary Dirac bracket quantiza- 
tion seems to be the only viable possibility toward quantization. Our discussion, 
however, remains still at a very formal level. It is an open question whether the 
above formalism can lead to a new exactly calculable scheme in full-fledged quantum 
theory. It is tempting to speculate a possibility of some tractable integral repre- 
sentation of string amplitudes where the ordinary moduli parameters of Riemann 
surfaces are integrated over. Instead of the moduli parameters, we should have 
some different integration variables corresponding to the 'area momenta'. I leave 
such a possibility for the reader as an interesting new direction in exploring string 
theory. 

4. Another relevant question related to the more precise formulation of the present 
approach is to discuss the curved background. A natural way of including the 
space-time metric is by introducing the viel-bein field e£(X) where A is the lo- 
cal Lorentz index. We can assume that the auxiliary field now transforms 

* After writing the previous review i, the present author came to know by reading reference- 3 
that a suggestion which is closely related to the present remark was first made by Nambu in 
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as an antisymmetric tensor at each local Lorentz frame on the space-time point 
X>*(£) with the constraint (l/2)b 2 AB = -1. The area clement is then written as 
e ^d a X^d b X v e^(x(0)e^(x(0)b A B(0- Thc Dirac bracket relation is more compli- 
cated than the flat space, with the right hand side depending on the space-time 
coordinates. We expect that the requirement of consistent quantization would lead 
to the condition for the space-time background which should be equivalent to the 
familiar /3-function condition of renormalization group. It is an important problem 
to work this out. Of course, once we could arrive at a satisfiable characterization 
of the deformed geometry as suggested above, such a property would be an evident 
consequence of the general formalism. 

Even apart from further clarification and refinements of the ideas discussed 
here, there are innumerably many other remaining questions, such as the relevance 
of the space-time uncertainties and noncommutativity for black-hole physics, the 
interpretation from the viewpoint of 11 dimensional M-theory, consistency with S- 
and T- dualities, interpretation of possible other scales than the M-theory scale, 
the role of supersymmetry, and so on. Some of these questions have been treated 
partially in ref. u. Real answers to most of the deeper questions, however, must be 
left to the future. 
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